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Interactions between pairs of oblique waves in a Bickley jet

R. MALLIER *, M. HASLAM

ABSTRACT. — We consider the weakly nonlinear spatial evolution of a pair of varicose oblique waves and a pair of sinuous oblique waves
superimposed on an inviscid Bickley jet, with each wave being slightly amplified on a linear basis. The two pairs are assumed to both be
inclined at the same angle to the plane of the jet. A nonlinear critical layer analysis is employed to derive equations governing the evolution of
the instability wave amplitudes, which contain a coupling between the modes. These equations are discussed and solved numerically, and it is
shown that, as in related work for other flows, these equations may develop a singularity at a finite distance downstream.© Elsevier, Paris.

1. Introduction

In a landmark paper, Goldstein and Choi (1989) identified a critical layer mechanism by which oblique
disturbances to a shear layer could undergo extremely rapid growth when the disturbance consisted of a pair
of oblique waves at equal and opposite angles to the shear layer. This mechanism was similar to that for
a single wave found earlier by Hickernell (1984), and the amplitude equations arising from the theory of
nonlinear non-equilibrium critical layers are sometimes called “Hickernell-type” equations. Later (Goldstein and
Lee, 1992; Wu, 1992), it was found that the growth could be even more rapid if in addition to the pair of
oblique waves, the disturbance included a plane wave. This approach required that the oblique waves be the
subharmonic of the plane wave, meaning that they had to be inclined at £60° to the plane of the mean flow,
and this form of disturbance is known as a (subharmonic) resonant triad. If the amplitude of the disturbance was
O(e), the evolution of a purely planar disturbance would first become nonlinear on a length-scale (or time-scale
for temporally evolving disturbances) of (9(5_1/ %) while a disturbance consisting of a pair of oblique waves
would first experience nonlinear growth on the much shorter length-scale of (9(5‘1/ 3) and the length-scale for a
resonant triad was (9(5_1/ 4) for the parametric resonance stage. In all cases, the growth first became nonlinear
inside the critical layer, which is the location at which the velocity of the base flow is equal to the phase speed
of the disturbance, up(y.) = ¢. Mathematically, the approach taken in these studies was to employ matched
asymptotic expansions, with an “outer” expansion away from the critical layer and an “inner” expansion near
the critical layer, where rescaled variables were introduced.

A number of studies followed for various flows (e.g. Goldstein, 1994; Wu, Lee and Cowley, 1993; Mallier
and Maslowe, 1994a, 1994b), and it has been claimed (e.g. Mallier and Maslowe, 1994b) that some experiments
(e.g. Corke and Kusek, 1993) have provided at least partial confirmation of the theory. Most of the studies
cited above considered flows with only one critical layer, although Wu’s (1992) study of the Stokes layer
allowed the possibility of more than one critical layer but did not explore possible interactions between different
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neutral modes. For plane wakes and jets, it is well known that there may be two different types of neutral
modes with critical layers centered on the inflection points, viz. the sinuous and varicose modes. The Bickley
jet 1s somewhat special in that the neutral varicose mode is the subharmonic of the neutral sinuous mode,
and several studies have expiored the possibility of an interaction between these two modes. Wygnanski et «l.
(1986) conducted careful experiments on small deficit (turbulent) wakes and found that the development of
some aspects of the flow was dependent on initial conditions, which they attributed to interactions between the
varicose and sinuous modes, and other experiments (e.g. Sato, 1970; Sato and Saito, 1978) have also suggested
that these interactions may take place. One reason why it was thought that such interactions might be important
was that they could cause the nonlinear growth of disturbances to be even more rapid than that attributable
to the resonance mechanisms discussed above. Very rapid amplification of three-dimensional disturbances has
indeed been observed in plane wakes in both experiments (e.g. Corke et al., 1992; Williamson and Prasad,
1993a,b), and numerical simulations (Sondergaard et al., 1994, 1997).

Kelly (1968) used Stuart-Watson type nonlinear stability theory to investigate interactions of the form discussed
above; however, he found that there was no modal interaction of the type assumed. Later, Leib and Goldstein
(1989) re-examined the problem for purely two-dimensional disturbances using a nonlinear-nonequilibrium
critical layer, and they found that there was indeed an interaction between the modes. Mallier (1996), studied
the possibility of an interaction between a pair of resonant triads in the Bickley jet, with one triad consisting
of a plane sinuous mode together with a pair of oblique sinuous modes inclined at +£60° and the other triad
consisting of a plane varicose mode together with a pair of oblique varicose modes also inclined at +60°,
and again it was found that interactions could occur. The study by Mallier essentially covered three stages: a
linear stage when the amplitudes of the disturbances were very small, the “parametric resonance” stage, and the
so-called “fully-coupled” stage. The amplitude equations presented were of course for the third (fully-coupled)
stage, but the two earlier stages could be recovered from these equations by rescaling the amplitudes, as
discussed in Goldstein & Lee (1992). The study of the fully-coupled stage was a little restrictive in that it was
necessary to assume that, in that stage, the varicose oblique modes were larger than any of the other waves
present which is at odds with the linear theory which says that the linear growth rates of the sinuous modes
are larger than those of the varicose modes. This was because in the earlier parametric resonance stage, when
it was assumed that all of the waves were of the same order of magnitude, it had been found that the varicose
obliqgue waves underwent very rapid growth while the plane waves and the sinuous oblique waves continued
to grow exponentially in a linear fashion. The amplitude equations derived in Mallier (1996) are reproduced
here in Appendix B. The coupling in these equations was a little unusual in that the sinuous triad did not affect
the varicose triad, and therefore equations for the varicose triad were simply those for a single resonant triad
(Goldstein and Lee, 1992; Wu, 1992). However, the sinuous triad was strongly affected by presence of the
varicose triad, and furthermore, if the varicose triad was absent the nonlinear terms in the equations for the
sinuous triad vanished, leaving only linear equations for those modes.

Wu (1996) criticized the study by Mallier on the grounds that in the fully-coupled stage it was assumed
that the varicose oblique waves were larger than the other waves, suggesting that some sort of preferential
forcing might have to be used in order for such a state to arise, and proposed an alternative mechanism for
interactions between the modes, involving what he termed a “phase-locked” interaction (Wu and Stewart, 1996).
Wu claimed that this was a more viable mechanism for free transition. However, if we denote («, (3, ¢) to be the
plane and transverse wave numbers and the phase speed respectively, Wu’s study involved the modes (2,0. ¢),
(7/4,+£V15/4,¢) and (1/4,+/15/4, ¢), representing a planar sinuous mode and oblique sinuous and varicose
modes respectively. Although this phase-locked interaction is undoubtedly a powerful mechanism, it would seem
to require that the oblique sinuous waves and the oblique varicose waves be inclined at angles of about 429°
and £76° respectively, which would also appear to be a somewhat restrictive assumption, although in practice
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a small amount of detuning would be allowed. Again, some sort of preferential forcing would presumably need
to be present to give rise to this scenario.

In the present study, we point out that there exists a much simpler mechanism than that proposed by either
Mallier or Wu, although the mechanisms presented in those studies will of course arise under the appropriate
circumstances. The disturbance studied here consists of a pair of oblique sinuous modes together with a pair of
obligue varicose modes, with both pairs inclined at the same angle to the plane. Each of these waves is assumed
to have an amplitude O(¢). The wave numbers and phase speeds of the modes are (cos 6, £ sinf,2/3 —£'/3¢;)
for the varicose modes and (2 cos #, £2sin 8, 2/3 — /3¢, ) for the sinuous modes, where ¢ is a non-dimensional
parameter characterizing the amplitude of the disturbance and # is the angle that the oblique waves make with
the plane. The O(sl/ 3) departure of the phase speed from its neutral value gives rise to a long length-scale
X = &3z on which the waves interact. In the present study, which uses an £!/3 critical layer similar to
that used by Goldstein and Choi (1989), the varicose and oblique waves may be of roughly the same size
(O(¢)) or either of them may be smaller than this, or indeed, one or other of them may be absent altogether
in which case the amplitude equation for the remaining pair of waves simply reduces to that of Goldstein and
Choi. One possibility allowed by this scaling then is that the sinuous waves be much larger than the varicose
modes, in accordance with linear theory, which will still lead to very rapid growth of both the sinuous and
varicose waves during this stage.

The structure of the remainder of the paper is as follows. In Section 2, we briefly sketch the flow in the outer
region, posing a perturbation analysis outside the critical layer. Since the analysis so closely follows that of the
pairs of resonant triads (Mallier, 1996), the procedure will be only briefly sketched. We should note here that,
just as in Mallier (1996), it is necessary to include in our analysis a mean streamwise vortex motion both inside
and outside the critical layer. Outside the critical layer, the = component of the velocity due to this streamwise
vortex is as large (O(e)) as the oblique waves which induce it, although the y and z components are smaller.
The need for this streamwise vortex was first noted by Goldstein and Choi (1989), and indeed all the scales
used in this paper follow exactly those of Goldstein & Choi.

In Section 3, we sketch how to analyze the flow inside the critical layers, again omitting the details because
of the similarity to Mallier (1996), and arrive at the relevant jumps across the critical layers, which we match
to the jumps from the outer expansion given in Section 2. This leads us to the amplitude equations, which
are a pair of coupled nonlinear integro-differential equations governing the amplitudes of the waves. As noted
above, when one or other of the pairs of waves is absent, the equation for the remaining pair reduces to that
of Goldstein and Choi (1989). As now appears usual for equations of this type, these equations may develop a
singularity at a finite distance downstream, the physical significance of which is still not completely understood.
To elucidate this behaviour, the amplitude equations are solved numerically, and we find that the location of the
downstream singularity is strongly dependent on the angle 6 and the initial amplitudes of the waves. Finally,
in Section 5, we make some concluding remarks.

2. Formulation and outer expansion

In what follows, since the development so closely mirrors that of Mallier (1996) for the pair of resonant
triads, the details will be largely omitted. We consider the spatial stability of the Bickley jet

(2.1) a(y) = sech %y

to perturbations of (O(e) where ¢ <« 1 is a dimensionless amplitude parameter. For oblique perturbations
proportional to exp (1(Z cos f & zsin#)), where & = x — ct, the Bickley jet has two modes with a phase speed
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of 2/3 which are neutrally stable on a linear basis, viz. a varicose (odd) mode for which & = 1 and a sinuous
(even) mode for which a = 2. The Bickley jet has 2 critical layers for this phase speed, located at y = +y.
where y. = arctanh 371/2, the inflection points of the flow.

The initial perturbation consists of two pairs of oblique waves, with one pair being associated with either of
the neutral modes mentioned above, and it is assumed that each pair makes the same angle 6 with the plane of
the jet. Assuming the flow to be inviscid (which requires in practice that the Reynolds number Re > ¢~!) and
incompressible, the equations of motion can be written in non-dimensional form as

dq
(2.2) 5?+(QQV)Q:—V])
Veg=0,

where the velocity components ¢ = (% + eu,€v,ew) and the perturbation pressure p = ep are expanded as
i =u'D + /32 4 2343 4 ... with similar expressions for v, w and p. The basic pressure is a constant
which can be set to zero without any loss of generality. Weak viscosity could be added to this analysis by
writing Re™! = e\ where X is the Benney-Bergeron parameter. The lowest order disturbance is composed
of a pair of oblique waves of equal amplitude at equal and opposite angles to the mean flow and a varicose
disturbance of similar form. The vertical velocity at lowest ordér can be written as

(2.3) oV = 2(A1(X)e'”';'”’”ﬁ + AjemT "“58)6(1%)(;1;) cos (azsinf)

+2 (AZ(X)C,Q”\'; cost g gy 2o H)&g)(y) cos (2cz sin f),

where X = /32 is a long length-scale, * means complex conjugate and o = 1 and ¢ = 2/3 — '/3¢;. Clearly,

'&S) and ﬁéé) are solutions of the Rayleigh equation
(2.4) Uyy + (GSechzy - (yz)q”; =0

which vanish as y — +oo. The velocity and pressure components at this order are

(1) 64 sin 8 tan fsech®ytanh?y

2.5 47y = 1cos fsech y(2sech’y — 1) + ‘
(2:5) 1 1/( Y ) 2 — 3sech’y
ﬁﬁ) = sech ytanh y
(1) 1 sin fsech y(2 — sechzy)
o ‘
n 2 — 3sech’y
~(1) ¢ 2
Py’ = —3 cos fsech y(2 — sech”y)
A 3usin § tan #sechytanh
’&.(2.12) = —ycosfsech’ytanh y + J Y

2 — 3sech’y
Uy = se(:hzy

(1) 2usin fsech®ytanh y

Was =
22 2 — 3sech’y
A1) _ % ,
Py = -7 cos fsech ytanh y.

The O(e) streamwise velocity will also include a spanwise mean flow component induced by the flow inside
the critical layer. This was first pointed out by Goldstein and Choi (1989) for a similar problem.
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The expansion at higher orders proceeds in a very similar manner to Mallier (1996), and we find that the
(’)(54/ 3) vertical velocity #(2) for each of the oblique waves obeys the following equation

(2.6)

e 2 020 9.2 20 12 ’

ol — 18e1A N 2:(6 + 30” cos* § 204‘ cos” § cosh” y) A m
2cosh?y — 3 0050(2 cosh? y — 3)

where the left hand side is the Rayleigh operator from (2.4) and of course for the varicose mode A will be

replaced by A; and @ = 1 while for the sinuous mode A will be replaced by A and o = 2, and #(!) are the

appropriate solutions from the first order in the expansion. These equations have solutions of the form

¢ ~(2 (% Ne! 2p)
(2.7) o3 = Oy (08 + DI (Xt + o,

with @g) taking a similar form but with the ‘11°s replaced by 22’s. The superscripts (£) on the D,,,,, and C,,,,
refer to the upper and lower critical layers respectively and the subscripts (£) refer to the regions above and
below those critical layers. Here, v( P)is a particular solution to (2.6) and 13(121(') is a second linearly independent

solution to the Rayleigh equation glven by

(200 (1) [ dy

(2.8) Uy =y /A12'
(1)

V11

We will find expressions for these C,,, and D,,, from both the outer expansion and the critical layer, and
matching these expressions together will yield the amplitude equations. Imposing the condition that the vertical
velocities at this order and their first derivatives With respect to y are continuous at the center-line y = 0 tells
us that €, = o) o=t DG = D) and DY = DY) We note that although

22(+ 11(+)
: . (2
Uil) satisfies the boundary conditlons as y — too, neither vﬁ ) nor Uiil ) vanlsh as y — i-oo but “ii) must.

Imposing the homogeneous boundary condition on vgi) at y = oc leads to an expression for D11 +) (+)

and Al, and similarly we get an expression at y = —oo for Dll(_). Subtracting these two expressions tells us that

(+) (—) l 32y,‘ 8 4cosf 2yp
2.9 D -D =14 - Al == —1
(2.9) S ST el 1(3\/'3}0039 Jeosd T3 ) Tdadh /3

in terms A

and similarly we obtain

(+) (—) ' 1 cos Ye Ye
2.10 D, - D, = 162 A. —16c1 411+ == |.
(2.10) 22(+) 22(—) ¢ 2(3c050 + 3 + 3\/§0050> “ 2( " \/§>

In the above analysis, it is assumed that sin § and cos § are both O(1). In the limit cos§ — 0, the terms in (2.9),
(2.10) involving 1/ cos # blow up, and this is because in this limit, the disturbance is essentially comprised of a
spanwise wave rather than oblique waves, and for this case, which is not covered by the present study, the jump
would come in at leading order, O(e), rather than at (’)(s‘” 3). This limit might better be tackled by formally
considering a spanwise wave whose amplitude is weakly modulated in the streamwise direction via the long
length-scale X, and likewise the limit sin# — 0 might better be tackled by considering a plane wave whose
amplitude is weakly modulated in the z-direction via a spanwise long length-scale.

In the next section, we will sketch how to find expressions for these jumps from the critical layer solution;
matching these jumps will lead to the amplitude equations governing the spatial evolution of Ay and A».
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3. Critical layer analysis

In order to obtain evolution equations for A; and A3, we shall now pose inner expansions in each of the
upper and lower critical layers, where the outer expansion becomes disordered, and obtain expressions for
the jumps across the critical layers. The details will again be largely omitted, because the analysis so closely
parallels that of Mallier (1996), and we will also only consider the upper critical layer because the analysis
follows a similar path for both critical layers.

Near the upper critical layer at y = y,., we introduce the rescaled inner variables ¥ = ¢=1/3(y — y,.).
U=eYwu=-2/3),V =2, W =" and P = e */3p, where of course ¢ was the order of
magnitude of the disturbance in the outer expansion and X = /37 was the long length scale. With these
scalings, the governing equations become

2 A

(3.1) Uy +aUs + UUs + PPUx + VUy + WU. + %P +ePy = 0
2

§VX +aVi+UVi+PBPUV+ Ve + WV + Py =0

2 )
SWx +aWs +UW; + BUWy + VWy + WW. + 23P. = 0
Ui + Y30 + Vi + W. = 0.

The form of the inner expansion can be deduced from the solution written in inner variables,
4y
33/2
v :€1/3V1 +62/3V2 + -

W = Bwy + 3wy + -

P=ec8p_ 4 Py + 61/3P1 + 62/3P2 + -

(3.2) U= —— +e'BPUy + %0, + -

The streamwise velocity at lowest order can be writien as
g« _ (1) v cos® s . (1) 2u0# cosd :
(3.3) Uy =2{Uy'e + c.c.) cos(azsing) +2{Usy'e + c.c. ) cos (2az sin 6)

where the oblique varicose and sinuous components are respectively

3/2 ] 2 Ay ; T v -

(3.4) Ul(}) — 2 335/1? 4 Al (Xo)e—-lwcos(ﬂ (‘\U_‘\)/\/ng()
3/2 3,2 \ I

UZ(;) — 2 335/1;1 ¢ / AZ(X0)6—41 cos 0Y (‘\0—‘\)/\/§dXU,

where Y = ¥ = 33/2¢, /4. Similarly, for the other velocity and pressure components we find

2
(3.5) V1(11) = gAl
(1) _ 2
Voy' = —A:
22 3 2

Wi = — cotoUl
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Wiy = — cot 68U’

(-1) 0/2

Py = 35/ cos 04,
-y _ 4

P22 = —1‘3—5/—2‘ COS 9A2

Here U}y, denotes the term at O(el/ 3) multiplying exp (ia(mz cos # + nzsinf)).
As in Mallier (1996), if we consider the pressure at the next order, the outer expansion written in the inner

variables involves the functions C,,, and D,,, which entered into the outer expansion at (’)(64/ 3) Since the
pressure at this order must be continuous at Y = 0, this yields the following relations between the C);,,, and Dy,

(3.6) iy + 3D, (20— V3 3)/4=Ciily, +3D}; (21, - \/§> /4
C( o + 3050 (V3 + yp)/8 = Clylyy + 3Dk (V3 +3) /8
If we proceed with the expansion in a similar manner to Mallier (1996), we find that there are jumps across

the critical layer in the derivative of the vertical velocity at O(e) for both the sinuous and varicose oblique
modes. These jumps are as follows:

(+) () _ V2 [
D4y = Doy = ’g‘/_x (Vnn’ + ﬁAl)dY

_ 2me1 Ay + 47rA'1
V3 3v3cosé
+ k1 / / R(la)AI(X =21 —11)A1(X = 1 — 1) A1 (X — 7)dmodm

/ / 'R(b)A (X 31y — Tl)Az( — 21y — 1) A1 (X — 2T0)d7’()d7’1
[)

+ / ’Rl' A;(X =219 —11)A2(X — 710)A1(X = 219 — 271 )dmodTi
JO

+/ 'R(ld)AS(X — 370 — 211) A(X — 71 — 279) A1 (X = 279 = 211 )drodm
0 J0

(+) = _2 [
(37) Digly) Dy =3 /_oo Vi) dY

_ dame1 A + 47rA,/2
\/3 3\/§cosﬁ
o< %
+ k2 / R AS(X — 219 — 1) Ap(X — 7 — 71) Az (X — 70)dmodm
0 0

00 oo
+ /0 /0 'R,.(Za)AQ(X - T())A1 (X —T0 — Tl)AT(X -3 — Tl)dT()dTl
+ /0 /0 Rgb)Az(X —T9 — Tl)Al (X — To)A?(X — 319 — 27‘1)d7'()d7'1,

where the kernels R are given in Appendix A. The form of these jumps is somewhat different to that in the
resonant triads (Mallier, 1996), where A> did not enter into the jump in Djp;, which is somewhat fortuitous
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because such a term would have necessarily been a quadratic of the form A} A», and if such a jump had existed
it would have precluded using the scaling considered here. In the present study, there are three additional cubic
terms in the jump in Dy involving A1 Ay A5 which were not present in Mallier (1996) because of the scaling
used there. In the jump in Dg, we no longer have the quartic term in A7, but there is an additional cubic term
present here involving A A» A5 which was not present for the resonant triads. We note that the nonlinear kernel
for the cubic term A1 A1 A7 in the jump in Dyy is the same as the kernel for the term Ay Ay A} in the jump in
D33 (although of course the constants multiplying these terms are different); this kernel is simply that found by
Goldstein and Choi (1989) in their study of a pair of interacting oblique waves.

If we pose a similar expansion near the critical layer at y = —y., we arrive at identical expressions for
the jumps in the D,,,(_) across the critical layer. Again, this is in contrast to the situation for the resonant
triads where a number of the jumps cancelled as their signs were changed, and this is because of the different
structure of the terms here.

4. Amplitude equations

Matching the expressions for the jumps obtained from both the outer expansion (2.9),(2.10) and the inner
expansions (3.7), we arrive at our amplitude equations,

(41) 1<1A +’}’1])A

= 2(=1 / / R a) AN(X =27 — )AL (X — 19 ~ 1) A1(X — 19)dTodT

2 / / R (b) AZ(X 37’() — Tl)Az(X 27‘() - T])Al(X 27‘())d7’()d7’1

(1

~ 5 / / R AZ( — 719 — 2711)A2(X — 1) A1 (X = 279 — 2711 )drodmy
(1

2 / R (d) AQ(X — 319 — 2T1)A2(X - 71 — {)T())Al(X ~ 27 — ZTI)(]T(]dTl
€1 40

(4.2) A2 4, +~y
= 4(1 / 7'\’, a) AS(X =219 — 1) A(X — 19 — 1) Ao(X — 70)dTpdm

Jo

~un / / 72 “) A (X — 1) A1 (X — 79 — 1) A(X = 379 — 1y)dmpdmy
(’1

~ / 72 WAy (X — 7 — ) A1(X — 1) A (X = 31y — 21 )dmydry.
1.J0 Jo

A few remarks should be made about the form of these equations. Firstly, the equation for each mode involves
a linear term, a cubic interaction with itself and a cubic interaction with the other mode. The kernel of the
self-interaction cubic term is in both cases simply (a constant times) the kernel from Goldstein and Choi (1989),
where the problem of a single pair of waves incident on a shear layer was studied, and because of this if only the
varicose mode were present (that is A = 0), then the equation for A; reduces to that found by Goldstein and
Choi (1989), as does that for A if only the sinuous mode were present. Secondly, the cubic interaction between
the two modes in the second equation (4.2) is of course precisely that found in the study of the resonant triads,
but that in the first equation (4.1) is new. Due to the scaling used in the resonant triads, the only interaction
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between the two oblique waves which could have entered into the corresponding equation would have been
quadratic, i.e. of the form Aj] A3, but no such term was present, which is fortuitous from the point of view of
the present study as such a term would have meant the scaling presented here was not possible. The coupling
of these two equations is very interesting because for the resonant triads (Mallier, 1996), the varicose modes
affected the development of the sinuous modes but not vice versa, whereas in the present problem, each mode
affects the development of the other. This is in part because a different scaling was used for the resonant triads.
As with similar equations of this form, the solutions A; and Ay will become singular at some finite distance
downstream, with the structure of the singularity being the same as that found in Goldstein and Choi, namely

4 Ay~ b /(X — X)5/2+i<,»
Ay ~ by /(X — X )PP

where 1 and 4 are real (so the real parts of the exponent are the same for the two modes but the imaginary parts
will differ) and b and by are complex. This singularity would be manifested in a real flow as extremely rapid
growth, marking the onset of a subsequent more nonlinear stage governed by the complete Euler equations.
It is interesting to note that if one mode were much smaller than the other, the equation for the larger wave
would revert to that of Goldstein and Choi while the equation for the smaller wave would remain nonlinear,
although the cubic self-interaction term would drop out, with the nonlinearity composed entirely of a cubic
interaction between the two waves. For example, presumably in an unforced flow, the varicose mode would be
very much smaller than the sinuous mode, then since the equation for A; would still involve nonlinear terms
in Ay, the singularity would still arise in that equation and the varicose modes would still experience this very
rapid growth, which in this case would be super-exponential, even though they were much smaller. This can be
seem by replacing A1 by v A (with v < 1) in the amplitude equations and neglecting higher order terms in v.

In figures 1-4, we present typical numerical solutions of the amplitude equations, plotting the log,, of the
modulus of the (complex) amplitudes, logy, | A1 | and logy | A2 |. The numerical scheme used was similar
to that employed by Goldstein and Choi (1989). The integrals in (4.1) and (4.2) were truncated to integrals
over a finite interval and evaluated using a Newton-Coates formula and the tails of the integrals were estimated
analytically using the behaviour of the amplitudes as X — —oco. A tenth-order Runge-Kutta scheme was used
for for the numerical integration, and the computation was carried out on a Cray J9OSE. The computation was
started at some initial point X during the linear growth phase (when the amplitudes are sufficiently small that
that nonlinear terms can be neglected), where it is known that

(4.4) Ap ~ G/leg“\v

Ay ~ az(igz‘\,

where the o; are the linear growth rates. The a; are complex constants, but since it can be shown analytically
that the solution to (4.1,4.2) is independent of the arguments of the a;, it was assumed that they were real for
the computations. The initial conditions were prescribed by specifying the angle # and the values of the a;.
For all of the runs shown, we took Xy = —300.

We present results corresponding to four different values of 6, the angle at which the pairs of waves are
inclined to the plane of the jet. In figures 14, we present results for § = n /8, 7 /6, 7 /4 and /3 respectively.
We also consider the effect of varying the relative initial amplitudes of the waves. For each value of 6, we
present two runs: run (a) with a; = a2 = 1 and run (b) with a3 = 1 again but with a; = 10~*. It should be
noted that in run (a), even though we set a; = a3, the amplitudes of the two waves will differ in the linear
regime because they have different linear growth rates. It can be seen that, as discussed earlier, the amplitudes
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are initially very small and at first grow linearly in line with (4.4), with nonlinear effects becoming important
further downstream. We found that A; began to exhibit nonlinear growth earlier that Ay in all of the cases we
examined except figure 3b, and that this nonlinear growth in Ay was quickly coupled to Aj. The reason that
figure 3b is special is that when # = 7 /4, the nonlinear self-interaction terms in (4.1) and (4.2) vanish, so that
the nonlinear terms in the equation for A; are all of the form | Ay |2 A7 while those in the equation for A
are of the form | 4; | Ay. Because of this, when 6 = 7/4, the smaller mode will be affected the most by
the nonlinear terms, and this is evident in figure 3b.

In each case we studied, the nonlinear growth led rapidly to a singularity in both amplitudes, with both
modes having a singularity at the same location. In most of the cases studied, the two modes had comparable
amplitudes immediately prior to the singularity, but in several (figures 1b, 2b,4b), Ay was considerably larger
than A; just before the singularity.

We also found that variations in both the angle # or the ratio of the initial amplitudes may play a strong role
in determining the location of the downstream singularity X,. For example, decreasing a1 while holding ¢ and
ay fixed leads to a later onset of the singularity. This can be seen in figure 1 where & = = /8. In figure la, we

see that with a; = a2 = 1, the growth first becomes nonlinear at roughly X = —22, leading to the singularity
at X, = —20.5. In figure 1b, with a; = 1 and a; = 107*, we see that the growth becomes nonlinear a little
earlier, at about X = —16.8, leading to a singularity at X, = —15.8.

For the cases we examined, it appears that increasing § while holding the a; fixed led to an earlier onset of the
singularity. For example, in figure 2, with § = 7 /6, we see in figure 2a that when a; = ap = 1, the singularity
occurs at about X, = —27.2, which is much earlier than in the corresponding run with § = 7 /8 (figure la),
and similarly, in figure 2b, with a2 = 1 and a1 = 10™*, the singularity occurs at around X, = —18.7, which is
earlier than in figure 1b. The effect of further increasing the angle is illustrated in figures 3 and 4.

Finally in this section, we make some remarks on the effects of viscosity. It appears likely that viscous
effects would modify this singular behavior slightly but it appears that at high Reynolds numbers the result is
still meaningful, as evidenced by recent work by Wu (1995) and Lee (1997). Wu showed that viscosity delays
the occurrence of the finite distance singularity but does not appear to be able to eliminate it. Since a full
discussion of the effects of viscosity is beyond the scope of this article, the interested reader is referred to the
studies by Wu and Lee for more details.

5. Concluding remarks

In the preceding sections, coupled amplitude equations (4.1) and (4.2) were derived governing the interaction
of two pairs of oblique waves superimposed upon the Bickley jet, with one pair associated with either of the
varicose and sinuous modes. The two pairs were assumed to be inclined at the same angle () to the plane of the
jet and their amplitudes were nominally of the same order of magnitude. Numerical solutions to the amplitude
equations are presented in figures 1—4. The equations describe two successive stages of the evolution process:
the initial linear growth stage for small disturbances, when the nonlinear terms in the evolution equations
vanish, and a fully nonlinear stage, and that can be seen in the numerical solutions. Almost always, nonlinear
effects became apparent in the sinuous waves first, with the varicose modes exhibiting nonlinear growth soon
afterwards. For each case examined numerically, this nonlinear stage culminated in a singularity at a finite
distance downstream, with both modes becoming singular at a finite distance downstream. The situation here
appears somewhat different to that for the resonant triads, where the development of the varicose modes
was affected by the sinuous modes but not vice versa. In the present study, where we have two pairs of
oblique waves, the equations have a somewhat different coupling and the modes affect each other via the cubic
nonlinearities in the amplitude equations.
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It is also interesting to note that if one of the modes were much smaller than the other, then the equation
for the dominant mode is simply that given by Goldstein and Choi (1989). One particular scenario that could
be envisaged therefore is one where both modes are growing linearly, but with the sinuous mode dominant,
as predicted by linear theory. When the nonlinear stage presented here is reached, the sinuous mode would
experience very rapid growth and the singularity after a finite distance, and this singularity would be coupled
back to the varicose modes which would also experience very rapid growth. This is a possible explanation for
the asymmetry which has been observed to arise in some experiments on three-dimensional wakes (e.g. Corke
et al., 1992). This particular scenario was not possible with the resonant triads, where there was a parametric
resonance stage during which the oblique varicose modes underwent very rapid (superexponential) growth but
the other modes continued to grow linearly, leading to a stage in which the varicose modes dominated. Thus,
there would appear to be a number of situations in which the present theory would appear to be more applicable
than that presented in Mallier (1996), or for that matter in Wu (1996).

As mentioned in Section 1, one of the features of the Bickley jet is that the neutral varicose mode is the
subharmonic of the neutral sinuous mode. However, what is required for the mechanism discussed in this study
to be present is not that one of the neutral modes be the subharmonic of the other but rather that one of the
instability waves be the subharmonic of the other (and even then a small amount of detuning would be permitted).
Because of this, this mechanism should be present in other jet and wake flows which have two neutral modes.

Finally, we note that in a sense it is unfortunate that, at the moment, the theoretical investigations of nonlinear
critical layers are ahead of the experimental investigations. As noted in section 1, some experimental evidence
of the growth mechanisms for oblique disturbances to shear layers discussed here and elsewhere has been
found (e.g. Corke and Kusek, 1993), but a ot more work remains to be done to clarify exactly when each
mechanism is appropriate: in particular, the present work, and earlier studies, have demonstrated that there exist
a number of interesting situations in the Bickley jet which have yet to be fully investigated experimentally
or via numerical simulations.

Appendix A. Details of the analysis

The kernels for Section 3 are given by

R(la) =1 (TU(ZT() +71) + 21 (79 + 71) sin? 0)

9 A 2 . A A
R(lb) - _ C083 ) Sin2 07 (Tg — 3 SiIl2 9(37"02 + 27711 + 7‘12)>

3572

R{ = _3%% cos® fsin® Oy (1 (11 — 70) + 4s8in’ Om(7o + 271) — 4sin O(rf — 77))

72(1‘1) = —;% cos® @ sin? 6(2m0 + 1) (70 + Tl)((3 — 2sin’ 9)(7'0 —T1) - 12sin* 97'1)

72.(2&) _ _287r Sigz/ﬁzcos‘3 97’8

R(Zb) = &r—ci)?%gs—mz—em((%o + 7 ) (719 + 2711) — 8 sin’ 0710(37y + 271) — 8sin? O (o + 7'1))-
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The constants for Section 3 and Section 4 are given by

237 sin? 6 cos® A cos 26

b= - 35/2
by — 21%/27 5in? § cos® 8 cos 26
2= 33/-2
2
(1a) _ L
v =1-
Vit \/"
A1) Siy. + 1cos 6 2m
3v3cosf 3cosh 3 3v/3cosf
. 2y 1T
(2a) __ 3
¥ =24 =
V3 V3
(2b) 2 2vcosd 2wy, T
’y =

3cos b + 3 - 3v3cos b - 3v3cosh’
Appendix B. Amplitude equations for the resonant triads
The amplitude equations derived in Mallier (1996) for the resonant triad case were of the form
A4y 41 / i) Aw(X - 1) Afy (X — 2m)dny

/ / X 219 — T])A]l(X -7 — Tl)An(X — T())dT()dﬁ

and

o & " OC o
’Y(QOH)A‘Z() + 7(201’)1420 — / / / SéS)A*{l(X =319 =211 —m)An(X -1 — 711 — ™)
J0O o Jo
X An(X —T0 — Tl)An(X — T(])dT()dT]dTQ

o @) s &
+ / / S.ég)A’l‘l(X — 319 — 211) A0 (X — 10 — 1) An (X — 710)dmpdn
JO JO

"‘/ / Séli)AT1(J’( =310 — 1) An(X — 79 — 1) A (X — 10)drpdn
o Jo

and
Y224 Ay 4 4220 / / (X =310 — 1) A (X = 10 — 71) Ana(X — 79)dmodm
/ / SZZ =379 — 2m1) A (X — 1 — n)An (X — m)drdn
-f-/ / 5.22 TI(X — 31 — 27‘1)A4[)(X - T — Tl)A’h(X -7 — ZTl)dT()dﬂ
/ / 822 (X =31 — 471)Ago(X — 70 — 1) AT (X — 70)dmodm
and
A400) 4,5 4 A(408) / / S\ AT(X = 57y — 411) Ago(X — 10 — 1) A (X = 79)drodmy

/ / 340 — 519 — 7‘1)A11(X - Ty — T])A40(X — 79)dmydT,
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where the kernels S were simple polynomials, and Ay; and Ajy represented the varicose oblique and plane
waves respectively and Az» and A4¢ represented the sinuous oblique and plane waves. In deriving these
equations, it was assumed that the oblique varicose waves (inclined at £60°) had amplitudes of magnitude
O(¢), while the oblique sinuous waves (also inclined at £60°) and the plane varicose and sinuous waves all

had amplitudes O <s4/ 3).
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